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Abstract—in a nonverbai counting task derived from the animal lir-
erarure, adult human subjecis repeatediy attempied to produce targer
numbers of key presses at rates that made vocal or subvocal counting
difficult or impossible. In a second task. they estimated the number of
flashes in a rapid, randomiy timed sequence. Congruent with the ani-
mal data. mean estimates in both tasks were proportional 1o target val-
ues, as was the variabiliry in the estimates. Converging evidence
makes it unlikely that subjects used verbal counting or time durations
to perform these tasis. The resuits supporr the hvpothesis thar adul
humans share with nonverbal animals a svstem for representing num-
ber by magnitudes thar have scalar variabilirs (a constans coefficient
of variation). The mupping of numerical svmbols 1o mental magni-
tudes provides a formal model of the underiving nonverbal meaning of
the symbols (a model of numerical semanrics).

Animal subjects represent both number and duration by mental
magnitudes (Church, 1984: Gibbon. Church, & Meck. 1984; Meck &
Church. 1983). These representations are formally analogous to points
on the real number line. Meck and Church { 1983) proposed such a rep-
resentation to account for animais’ nonverbal counts of abjects or
events (Fig. 1). According to their theory. each item is enumeraied by
an impuise of activation that is added to an accumulator. The magni-
tude in the accumulator at the end of the count is read into memory.
where it represents the number of the counted set. The noise (rrial-to-
trial variability) in remembered magnitude is proportional to the mag-
nitude. a_property that Gibbon (1977) called scalar variability.’
Mathematical modeling of psychophysical data from a variety of tasks
indicates that memory. rather than the process of accumulation or com-
parison. is the dominant source of trial-to-trial variability (Gibbon,
1992).

Animal experiments give direct evidence for scalar variability in
the representation of numerosity. For example. Platt and Johnson
(1971) varied the number of bar presses required for rats to arm a
feeder thar was activated by the interruption of a light beam. They
piotted the distributions of bar presses before the rats tried the feeder,
and found that the actual number of presses was roughly normally dis-
tributed about the required number for the reward. and that the stan-
dard deviation of the distribution increased in direct proportion 1o the
number of presses required (see Fig. 2a). Although these experiments
did not attempt to deconfound discriminations based on number or
time duration, pigeons and rais have been shown (o use both measures
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1. Gibbon's term was actually scalar vaniance. but that term is confusing
because it supgests that the variance of the distribution increases in proporion
10 the mean of the distribution. when in fact it is the standard deviarion (square
root of the vanance thar is scaled 10 (proportional to) the mean.
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within a given wial (Fetterman. 1993; Wilkie, Webster. & Leader.
1979).

Plait and Johnson's (1971) data have been redrawn in Figure b 1o
reveal the mean response. standard deviation. and coefficient of varia-
tion. The constant coefficient of variation across target sizes in Figure
2b reflects the direct relation between the magnitude of the targer
number and the response variation.

It has been suggested repeatedly that human numerical reasoning
also depends on a mapping of Arabic numerals and number words into
mental magnitudes that obey Weber's law (Dehaene & Akhavein,
1993 Moyer & Landaver. 1967). This hypothesis explains the sur-
prising but robust effects of numerical magnitude on the reaction time
to judge numerical inequality in weil-practiced human subjects. The
bigger the arithmetic difference between two numbers. the more rapid-
ly subjects judge which is greater. And for a fixed difference. the big-
ger the two numbers. the more slowly subjects judge their numerical
ordering (Moyer & Landauer. 1967). -

One explanation of these reaction time effects in humans assumes
that humans share with nonverbal subjects a representation of number
by means of mental magnitudes with scalar variability (Gallistel &
Gelman. 1992). When mental magnitudes have scalar variability, the
discriminability of the values obeys Weber's law, because the degree
of overlap between representations remains constant when the ratio of
the means js held constant. Thus. the amount by which two scalar
quantities (two weights. two durations, two numbers, etc.) must differ
in order to meet a constant criterion of discriminability is proportion-
al 1o their magnitude (Weber's law), - -

The present series of experiments was designed to provide a direct.
quantitative evaluation of the hypothesis that humans also use noisy
magnirudes tc represent number. by approximately replicating animal
paradigms with humans. Qur results provide evidence that human sub-
Jects have a nonverbal. magnitude-generating counting process and a
bidirectional mapping berween verbal number symbols and the mag-
nitudes generated by this process. The results also provide evidence of
scalar variability in the magnitudes.

KEY-PRESS EXPERIMENT

This experiment was designed to*Spproximately replicate experi-
ments in which animals were required’io press a key a specific number
of times (Mechner. 1958: Plan & Johnson. 1971). We sought to deter-
mine if human performance would reveal the same psychophysical
properties as the animaj data ifthe task limited humans to the use of
nonverbal counting. (We assurie that humans can produce the exact
number of key presses by verbally counting “one. two, threc. . . ” Thus.
verbal counting will not exhibit scalar variability.) This experiment
tested for three things: (a) a nonverbal counting process, (b} the sub-
Ject’s ability to map from a written numerical symbol 1o a remembered
mental magnitude. and (c) scalar variability in the remembered mental
magnitudes,
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Fig. 1. Carntoon of cognitive processes underlying nonverbal number
abilities. Nonverbal counting generates magnitudes, which become the
semantic representation of numbers when read into memory (a). The
probability density function for the memorized magnitude indicates
the distribution of scalar noise. Because of this memory noise, the
mapping from a numerical symboi to the corresponding magnitude in
semantic memory generaics a comparison magnitude that varies from
trial to trial (b). Also. the mapping from the magnitude generated by a
given nonverbal count 1o the corresponding symbol does not invari-
ably produce the same symboi. as indicated by the area of the proba-
biiity density function beyond the decision criteria for a given
magnitude-to-symbol mapping (c).

Method

There were two modifications 10 the animal procedure. Fitst. an
Arabic numeral was presenied on each trial 1o indicate the target num-
ber of presses for that triai: no repeated selective reinforcement train-
ing was required. Second. given that our focus was on nonverbal
representations of number. we wanted 10 Jimit overt or covert verbal
counting—a consideration unique to human subjects. Subjects were
required to perform the task under speed pressure. producing key
presses as fast as possible. Human adults can press a key about once
every 120 ms, significantly faster than typical rates of overt and coven
verbal counting, which are reponed to be about 240 ms per item
{Klahr, 1973: Landaver. 1962). Thus. strong speed pressure was used
to make oven or subvocal verbai counting strategies unlikely. No such
speed limitations are thought 1o constrain nonverbal, accumulator
mechanisms (pigeon subjects can count key pecks produced at the rate
of 6 per second: Rilling & McDiarmid, 1965). Subjects were specifi-
cally instructed not to verbally count the number of presses they made,
but rather to arrive at the appropriate number of presses “by feel” No
feedback regarding Accuracy was provided.

Stimuli and trial description

Trials began with a “Ready™ message in the center of the screen.
When the subject pressed the key of 2 computer joystick. the “Ready ™
message was replaced with an odd Arabic numerat from 7 through 25.
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The subject was 10 press a key approximately that number of times o |
fast as possible. The first key press of the response removed the Ara-
bic numeral from the screen. The subject signaled the completion of :
his or her response by pressing the second of the two kevs on the con-
sole of the computer jovstick.

Subjects and apparatus _

Seven undergraduate and graduate students at the University of
Califomnia, Los Angeles (2 male. 5 female} volunteered. They were
extensively tested in this experiment over eight houriy sessions (which
also included other related tasks). All subjects reported normal acqui-
sition of counting and elementary arithmetic abilities when asked
about developmental delays and leaming disabilities. Each subject
mvidedmsetsofkcymssesmeuchoddnumherfmm7lhmugh25.
Stimuli were presented using an Apple Hvx computer and Psyscope
stimulus presentation sofiware (Cohen. MacWhinney. Flan, &
Provost. 1993). Responses were registered using the buttons on a com-
puter joystick connecied 10 a Psyscope Buttonbox. which recorded
responses and latencies.

Resnlts

The results are strikingly similar to the animal data, Each individ-
ual subject responded to a particular stimulus (e.g.. 19 with approxi- |
mately the correct number of key presses. with the average number of
presses increasing linearly with target value. For all subjects, the stan-
dard deviation in the number of key presses produced varied in direct
proportion to the target magnitude (Fig. 3). For example, observe that
Subject |'s average number of key presses was 9.3 for the warget “9."
with a standard deviation of 1.1: for a target of “19.” the mean was
20.4, with a standard deviation of 2.4. The coefficient of variation (the
ratio of the standard deviation and mean) is constant across target size.

Our results are consistent with the notion that adult humans and
animals have comparable nonverbal representations of number magni-
tude. However. this conclusion depends on our assumption that the
performance we measured depended on nonverbal counting.

Were subjects verbally counting? .

Of particular concern is the possibility that subjects were verbally
counting cither overtly or covertly to produce the appropriate number
of presses. Anecdotal reports from subjects suggest they did not ver-
bally count (“I could stop myself from counting™ “If I tried 10 count.
I consistently lost track anyway because pressed [the button] faster
than 1 could count™). These repons were evaluated by comparing key-
press latencies and verbal-counting latencies. .

Subvocal-counting latencies were measured in the first and last
experimental sessions. Subjects were presented with Arabic numerals
inxhesamerangcasindwkey-presspandigmmdwtssedawmn
when they had silently counted as fast a5 possible to the presented
number. Given the number of trials in the key-press experiment (400),
we expected practice benefits between she first and last sessions if ver-
bal counting was used o perform the key-press task, but no difference
in verbal-counting latencies was found. #6) = 0.04. In Figure 4, we
contrast the tota) time Subject | ook to produce key-press responses
and her subvocal-counting times. A total of 20 trials per item was used
o calculate mean silent-counting latencies. As can be readily
observed. her verbal-counting latencies were typically much greater
than the total response time for her key presses for the same 1arget
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number. Further, counting times significamtly increased in the teens
and 20s (e.g., “thineen.” “fourteen.” “fifteen™ “twenty-one.” “twenty-
two”) because the terms contain more phonemes and words. Key-press
times shawed no such effect. suggesting subvocal verbal counting was
not used to estimate number,

Another possible counting strategy might involve chunking presses
ingo groups and counting the number of groups (e.g., fives, tens), Were
this the case, we would expect sysiemalic variation in the key-press-
t0-key-press intervals ar boundaries between chunks. For example, if
the subjects was counting by fives. we might anticipate slower
Fesponses for every Sth press. However. press-10-press intervajs were
vinually identical for the 2nq through 25th presses for each individuai
subjccl: with means of |15 127 ms and smandard deviations of
approximately 30 ms. No systematic deviations (e.g.. every Sth press
slower or faster) were observed, suggesting that chunking strategies
were not empioyed 1o judge the number of key presses. Given the
increases in production time for the number weorgs with more syllables
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Fig. 2. Evidence of scalar variability in the rat's representation of number. The graph in (a), which is reprinted
from Platt and Johnson (1971). shows probability distributions for conditions in which different numbers of press-
¢s were required for reward. In each case, the rat's most
was required for reward. aithough the variability in responses increased as the magnitude of the targe: number -
increased. Pane! (b) graphs the means, standard deviations. and coefficients of variation (“Coeff Var™) from the
same response data as a function of the number of presses required for reward. The means and standard deviations

are directly related. resulting in a constant coefficient of variation,

probable response was the same number of presses that

(e.8.. teens, 20s), it is hard to see how this unchanging inmterpress inter-
val could obtain if verbal counting were involved.

Were subjects using time durations?

The consistency of the intervals betfveen key presses resulted in a
strong correlation between the total response time and the number of
key presses. Therefore, subjects might have used total response time
rather than number of key presses as a stopping criterion in the key-
press experiment. To evaluate this hypothesis. we presented subjects
with a tone and asked them to re'leicate the tone’s duration by control-
ling the stan and stop of a second tone with button presses. The tone
durations were in the range of the total key-press response times. vary-
ing between 1,700 ms and 2.300 ms and differing by 120 ms. Each
tone Was presented 10 times over the course of the two final testing
sessions. The results were used 1o calculate a coefficient of variation

! for timing ability as a measyre of timing precision. The coefficient of
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Fig. 3. Key-press experiment results revealing mean number of presses, standard deviation, and the coefficient of variation acToss
different set sizes. Note that the scales for mean and standard deviation vary for each subject to emphasize that in each case the
increase in the standard deviation is proportional 10 the increase in the mean. The coefficient of variation is the constant of pro-
poruionality. The appearance of equality between the means and standard deviations results from using different scales on the left
and right ordinates 10 emphasize that the increase in the standard deviation is proportional 1o the incréase in the mean
variation for timing judgments (ranging from 0.25 0 0.35) was much presses in the key-press task. then when they were explicitly targeting
greater than that found for the variation in the times taken to complete | comparable duration in a timing task, they should have shown no
arun of presses for any one target in the key-press task (0.081 10 0.19). | greater variability. In fact, however, their temporal variability was sub-
If subjects were targeting the time required to give a certain number of | stantially greater in the uiming task than in the key-press wask Our
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Fig. 4.  Total silent-counting durations and total key-press durations
across set sizes for Subject 1. Vertical ranges represent =} SD.

findings, consistent with recent reporis of human timing precision
(Wearden, Denovan, Fakhri. & Haworth, 1997), reveal that timing
accuracy is too variable to have generated the low-variability response
durations int the numerical key-press task. :

Subjects also estimated the amount of time their 7 to 25 key presses
took on average. Each subject was presented with the odd numerals
from 7 through 25 and asked to produce a time duration equal to the
total duration of their key-press response in Experiment !. Subjects
Jroduced the duration by hitting a button twice, once to start and once
1o stop a timer. They were instructed not to press the button or tap their
finger (simulating button pressing) during this interval. Almost ali sub-
jects greatly overestimated the duration of their responses in the
numerical task. For example. Subject 1's estimate of the time taken to
press the key 21 times (6.1 s) was almost 4 s, or 200%, larger than the
actual duration (2.1 s).

In shont. subjects did not know with any accuracy the time it took
them to produce a specific number of key presses. and the variability
in their atempts to reproduce a just-heard duration was much greater
than the variability in the duration of their nonverbal counts. Both
findings indicate rather strongly that subjec1s did not rely on estimar-
ed duration rather than on estimated number,

Discussion _
In summary. the evidence presented thus far supports the notion
that human adults represent number nonverbally in terms of a linear
magnitude with scalar variability, a representation that is qualitatively
and quantitatively similar to that found in animals. The additional
analyses suggest performance in the key-press task depended on a
nonverbally gencrated representation of the number of key presses.
Rapid subvocal counting is unlikely as the basis of how the subjects
determined the number of presses in light of both the rapidity of the
counts (125 ms per item) and the fact that the intercount interval
showed no effect of the number of syliables in the count words.
However, one possibility we have not yet considered is that judg-
ments of number from one’s own behavior might employ a mechanism
*ry different from the one used to passively obtain number from an
{ermnal source in the world. Anothér possibility is that the repeated
moloric movements may have influenced the response variability ve-
ported in the key-press experiment. The next experiment addressed these
issues by asking subjects 10 judge the number of flashes in a rapid
sequence.
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€000 FLASH-COUNT EXPERIMENT
T sy  In another well-studied numerical paradigm involving animas, the
£ sooo experimenter presents a series of tones or flashes and requires the ani-
gm ’ maltomakeadecisimlbomtl:nunmsityofdmsen's'(Meck&
" Church. 1983: Wearden et al.. 1997). Our second experiment was
gaooo designed to replicate approximately —this animai paradigm 'wuh
@ humans. mvideamsumofmnverbalcountingﬁomapass:wfcly
& 2000 obtgined numerical stimulus. and redoce the correlation between time
< and number.
5 1000
—
° ] L L - r 1 - ] 2 ! L 1] . I 1 L 2 Methd —
T 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 :
TARGET NUMBER Subjects were presented with a dot that repeatedly flashed on and

oﬂ‘inonelowion.andwa:nskedmuyappmximelyhowmy
times the dot flashed, without verbally counting.

Stimuli and trial description

Each mial began 750 ms after the subject pressed a button 10
remove a “Ready ™ message. All stimulus dots had identical visual
angie (5°), circular shape. black color. and central location. The num-
berotdotﬂashesvnﬁedbcrweend:oddnumbersfmm?dunugh’_i.
Toensumlhmﬂnﬁmcwhenado(wuldoccurcouldnotbepmdict-
ed. and to reduce the correlation between total presentation time and
the number of flashes. we varied the duration of each individual dot
presentation and the interstimulus interval according to a geometric
approximation 1o a Poisson (random-rate)} process with an expected
interevent interval of 83 ms. There was a constant probability of .167
that & flashed dot would terminate after each successive 16-ms (60-
Hz) screen refresh cycle, This gave a discrete distribution of flash
durations. with 16-ms increments between successive possible dura-
tions, and with the frequency of successive values in the distribution
given by the geometric series p, (1 - p), p(1 - pF. and so o (p =
-167). The intervals between flashes had the same distribution. Thus,
the expected interval from the onset of one dot flash 1o the onset of the
next was 166 ms, considerably shorter than the count-to-count interval
in rapid subvocal counting. as estimated from our own key-press
experiment and the subitizing litersture (Kaufman, Lord. Reese, &
Volkman, 1949; Mandler & Shebo. 1982).

At the end of each flash sequence. the question “How many™
appeared on the screen, and the subject stated the number of dots he
or she had seen. Subjects were specifically instructed to approximate,
or go “by feel.” and not to verbally count the flashes.

Subjects and appararus .

The same 7 swdent volunteers who participated in the key-press
experiment aiso participated in this experiment. Each subject provid-
ed 40 estimates for each number of flashes over the course of eight
hourly sessions (which also included relifed tasks). Presemtation and
recording apparatus were the same as in the previous experiment.

Results f

The similarity in the panemn of performance between experiments
was remarkable. Presented in Figure 5 are the results from all subjects.
Mean estimates of number of dot presentations were approXimately
correct, and the response means and standard deviations increased in
direct proportion to the target. resulting in a constant coefficient of
variation across set size.
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Were subjects subvocally counring ? typically significantly faster than corresponding covert verbal-count-
Again, we considered the possibility that subjects verbally counted | ing rates, making verbal counting an unlikety strategy. For example,
the number of dots presented. A contrast of total presentation time Figure 6 contrasts Subject I's mean silent-counting iatencies with cor-
with covert counting times revealed that dot presentation rates were responding durations for the dot-flash sequences,
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Fig. 6. Totd] silent-counting durations and total duration of flash
sequences across set sizes for Subject 1. Vertical ranges represent £1
SD. RT = response time.
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Were subjects using time duration?

We must also consider if subjects were using estimates of the dura-
tion of dot-flash sequences to estimate numerosiry. rather than using
nonverbal counts. To evaluate this possibility. we performed a multi-
ple regression in which the actual number of dots and total duration of
the dot-flash sequence were Used to predict the reported number of
dots. For each individual subject. when both number and time duration
were entered into the regression. the actual number of dots was a sig-
nificant predictor of the reported number, whereas total time duration
was not. Further. when variation attributed to total time duration was
partialed out. there was still 2 significant correlation between actuai
and reported number of dots. r % = .21, p < .01.

Py

Discussion

In summary. we found no evidence to support the notion that the
estimates of the number of flashes were generated using either verbal
counting or timing strategies. Rather. the results are best interpreted as
representing the precision with which people can map from 2 mental
magnitude generated by a nonverbai counting process to the corre-
sponding verbal symbol for numerosity. The sitnilarity in the pattemns
of performance in this experiment (in which subjects were passively
obtuning the number) and the previous experiment (in which subjects
produced the quantities) implics that a common representation of
number was involved..

“GENERAL DISCUSSION

This series of experiments provides evidence that humans pos-
sess a nonverbal representation of natural numbers that is qualita-
tively and quantitatively similar to the representation found in
nonverbal animals. Qur findings suggest that number is represented
¥ 2 mental magnitude that is approximately proporntional to the
number and has scalar variability when retrieved from memory—
hence a coefficient of variation that is constant across set size. In
other words, the semantics of number (the psychoiogical meaning)
is given by the process that maps from numerosity to magnitudes.
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and from symbols to magnitude. and by the processes that operatc
on those magnitudes (¢.g.. the processes that mediale making deci-
sions about the relative magnitude of numbers represemed by verbal
or written symbols).

Scalar variability is inconsistent wuh a verbal or nonverbal count
uting discrete mental number symbols rather than noisy magnitudes.
In such a model. miscounts (skips and doubje-counts) are the domi-
nant source of variability. The count on any one trial is # —n + n,,
where n is the number of items and n, and n, are the number of skips
and double-counts (counting errors). The variance in the counting
errors will equal np(1 - p), where p is the probability of an error in the
counting of any one of the n items. Thus, the standard deviation of the
ervor distribution will increase in proportion 10 the square root of n.
which means that the coefficient of variation should decline by a fac-
tor of aimost 2 between n= 7 and n = 28,

Several theories of number processing now include a representa-
tion of the magnitude the numerals represent (Campbell, 1994:
Dchacne & Cohen. 1995: McCloskey, Macaruso, & Whetstone, 1992).
However, few provide specific details about the nature of this repre-
sentation. For example, McCloskey (1992) proposed that numerical
quantities are represented by a semantic. amodal representation that
includes a representation of each individual numeral (0-9) and is
base-10 place vatue. However, McCloskey did not detail how the mag-
nitudes O through 9 are represented abstractly within this theory. Qur
findings suggest that representation of numerical magnitude might
best be characterized with an accumulator-like representation.

These resuits may also serve 1o unify several experimental findings
within numerical cognition. For exampie. an underlying representa-
tion of magnitude that obeys Weber's law can account for the findings
from magnitude comparison and same/different judgments (Dehaene
& Akhavein. 1995: Moyer & Landauer. 1967). Nonverbal magnitude
Tepresentations with scalar variability can also account for counting
abilities both within and well beyond the so-called subitizing range of
1 0 6 items. Subitizing itself may be rapid nonverbal counting fol-
lo'wed by a mapping from the resulting magnitude to the ‘correspond-
ing number word. with scalar variability in the magnitudes limiting the
reliability of the procedure to numemsmcs of 4 or fewer (Galhsu:l &
Getman, 1992).

Finally, the nonverbal accumulator theory can account for the mul-
tiple reports that numerical magnitude can be represented very early in
life. prior to leaming verbal counting (Wynn, 1992; Xu & Spelke.
1997). Although babies have typically been found to discriminate |
and 2. 2 and 3, and sometimes 3 and 4, recent evidence suggests that
babies can also discriminats much larger numbers (i.e.. 8 and 16: Xu
& Spelke. 1997). This is consistent with the use of an underlying rep-
resentation by magninides with scalar variability. Even if adjacent
magninides (e.g.. 3 and 4) are indistinguishable from one another
because of the variability in the magnimde representations. larger
quantities should be discriminable if suﬁ‘lciently dissimilar.

If it is the case that accumulated magnitude representations are
used to represent number prior to the acquisition of verbal coumting
and arithmetic, it would suggest that a fundamenta] challenge for chil-
dren is 1o learn to map back and forth between a nonverbally generat-
ed sequence of magnitudes, with scalar variability, and a linguistically
generated sequence of discrete verbal and graphemic number symbols

(Gelman. 1993},

These findings pose several questions. such as How are verbal
numerals mapped onto numerical magnitudes? and What role do rep-
resentations of mumerical magnitude play in the acquisition and
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retrieval of simple arithmetic facts, complex mathemartical skills. and
everyday arithmetic (e.g.. evaluating sale prices)? Also. numerical
meaning might arise from and depend on the nonverbal representation
of discrete numerosities by continuous and noisy mental magnitudes.
together with the mental machinery for operating arithmetically with
thes¢ magnitudes, a machinery clearly present in nonverbal animals
(Gallistel, 1990). If so, this wouid challenge the view that the inher-
ently arbitrary linguistic symbols for different numerosities acquire
meaning by virtue of their use in Ianguage and the inferences and asso-
ciations arising from thas use (Fuson, 1988).
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