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Abstract

A common approach to the problem of contour interpo-
lation is based on the calculus of variations. The optimal
interpolating contour is taken to be one that minimizes a
given smoothness functional. Two important such function-
als are total curvature (or bending energy) and variation
in curvature. We analyzed contours extrapolated by human
observers given arcs of Euler spirals that disappeared be-
hind an occluding surface. Irrespective of whether the Eu-
ler spirals had increasing or decreasing curvature as they
approached the occluding edge, visually-extrapolated con-
tours were found to be characterized by decaying curvature.
This curvature decay is modeled in terms of a Bayesian
interaction between probabilistically-expressed constraints
to minimize curvature and minimize variation in curvature.
The analysis suggests that using fixed smoothness function-
als is not appropriate for modeling human vision. Rather,
the relative weights assigned to different probabilistic shape
constraints may vary as a function of distance from the
point(s) of occlusion. Implications are discussed for com-
putational models of shape completion.

1. Introduction
1.1. Variational approaches to shape interpolation

A common approach to contour interpolation is based on
the calculus of variations. The optimal interpolating contour
is taken to be one that minimizes a given smoothness func-
tional or energy term—which embodies a specific constraint
on the shape of interpolating contours. Two prominent con-
straints stand out in computational work on contour interpo-
lation. The first is that the interpolating contour must mini-
mize the rotal curvature | k2ds along its length. This con-
straint has its roots in the theory of elasticity, where the total
curvature is referred to as a curve’s “bending energy” [25].
Minimizing this energy leads to a class of curves known
as elastica—curves that are as “straight” as possible given
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the boundary conditions imposed by the image contours and
the requirement of smoothness [19, 27]. The second con-
straint involves the minimization of variation in curvature
J (%)st. Rather than penalizing the presence of curva-
ture, this constraint penalizes changes in curvature [3]. As
a result, the contours tend towards being as close to circular
arcs as the boundary conditions will allow, and generate a
class of curves known as Euler spirals—that are character-
ized by a linear variation in curvature as a function of arc
length [23]. There is indeed a history of work attributing
a special status to circular arcs in contour interpolation and
curve detection in noisy images. Ullman [36] modeled the
shape of illusory contours as the combination of two circu-
lar arcs that respectively extrapolate the tangents of the two
inducing contours, and intersect with continuous tangents.
In the context of curve detection, Parent & Zucker [28] in-
troduced the notion of edge co-circularity—i.e., tangency
to a common circle—and used it to compute the strength
of grouping between oriented image elements. The closer
two edges are to being cocircular, the more strongly they
are grouped.

1.2. Contour detection and integration

Although the contributions of the above two constraints
in determining the extended shapes of contours interpolated
by human vision have not been investigated, psychophysi-
cal work on contour detection and integration has provided
evidence for the instantiation of local versions of these con-
straints in human contour perception. Observers’ ability
to visually integrate discrete local elements into extended
contours has been found to deteriorate systematically with
increasing curvature—defined in terms of the turning an-
gles between successive local elements [11, 14, 16]. These
results are generally taken to be consistent with an “as-
sociation field” model in which the pattern of connection
strengths between local orientation-tuned units is strongest
when their preferred orientations are collinear, and de-
creases monotonically with the magnitude of the turning
angle [14, 17]. This pattern of connection strengths is also
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Figure 1. Generative models based on extrapolating tangent direc-
tion vs. curvature (adapted from August & Zucker [2]).

found to be consistent with the co-occurrence statistics of
edge orientations along extended contours in natural im-
ages [8, 16]. Similarly, there is evidence for the local in-
stantiation of minimization of variation in curvature in hu-
man contour integration. Observers’ performance in con-
tour integration tasks is best when the variance in the turn-
ing angles between successive local elements is minimal
[11, 12, 29], namely, when the local elements are closest
to being co-circular. Recent work on the statistics of natu-
ral images has also found that there is a prevalence of co-
circular structure in natural images [8, 16, 31]. Moreover, a
recent re-analysis of physiological data [5] by Ben-Shahar
& Zucker [4] suggests that the association fields of individ-
ual orientation-tuned units in the primary visual cortex may
in fact be tuned to different curvatures—with the “standard”
shape of the association field being a description of the pop-
ulation average, rather than of each individual unit.

1.3. Generative models of contours

The above two constraints are naturally viewed as em-
bodying two different generative models of contours—
expressed as different distributions on “successive” oriented
edges along contours. In discrete form, the minimization
of curvature is consistent with a generative model in which
the position of the “next” point (in angular terms, mea-
sured from the current contour direction) is characterized
by a probability distribution centered on a turning angle of
o = 0 (i.e., “straight” is most likely) and falls off symmet-
rically with increasing magnitude of o [11, 13, 39]. The
minimization of variation in curvature, on the other hand,
is consistent with a generative model in which the position
of the next point is characterized by an angular distribu-
tion centered on the previous turning angle (or a weighted
average of the previous n turning angles)—so it tends to
continue the estimated curvature of the contour.

The difference between the predictions of these two
generative models is illustrated in the examples in Fig 1,
adapted from August & Zucker [2]: Suppose an “ant” is
walking along a curved path in thick fog. Based on where it
has just come from, it makes predictions concerning where
the path will go next. In utilizing the first generative model,
it centers its prediction cone on the current tangent direc-
tion of the path. Fig la shows that this strategy works rea-
sonably well—except when the path has high curvature, in

Figure 2. Stimulus configuration used to map out the visually-
extrapolated shape of partly-occluded contours (adapted from
Singh & Fulvio [33]).

which case the true path can easily lie outside the prediction
cone. On the other hand, a strategy that takes into account
the curvature of the contour as well, can do considerably
better in capturing the true path, as illustrated in Fig 1b.

A natural question is: which of these generative models
better characterizes human vision? Clearly, further genera-
tive models may be considered as well—e.g., that take into
account the rate of change of curvature of a contour, in ad-
dition to its tangent direction and curvature. On one hand,
there is of course a benefit in utilizing generative models
that incorporate higher-order derivatives, since these are
likely to yield more accurate estimates of the true “path”—
especially when it is highly complex. On the other hand,
there is a clear cost associated with this strategy, since the
computation of higher derivatives requires further computa-
tional resources and, perhaps more importantly, is increas-
ingly more prone to noise. Determining how the human
visual system resolves this tradeoff is largely an open ques-
tion, and one that has important implications for computa-
tional models of human contour interpolation.

2. Visual Contour Extrapolation

In previous work [33], we measured the shape of
visually-extrapolated contours for arcs of circles and
parabolas that disappeared behind the vertical edge of a
half-disk occluder (see Fig 2). Observers’ task was to it-
eratively adjust the angular position of a short line probe
around the circumference of the half disk, and its orienta-
tion, in order to optimize the percept of extrapolation of
the partly-occluded contour. Using half disks with differ-
ent radii allowed us to obtain measurements at multiple dis-
tances from the point of occlusion, and generate a relatively
detailed representation of observers’ extrapolated contours.
Two main conclusions from that study were: (i) in addi-
tion to tangent direction, the visual system makes system-
atic use of curvature in extrapolating contour shape; ob-
servers’ extrapolation curvature exhibited a linear depen-
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Figure 3. Extrapolation results for observer S1 for the 5 values of y corresponding to the higher value of “initial” curvature ~o used. The
complete data set comprises 40 such plots: 4 observers x 2 values of kg X 5 values of ~.

dence on inducer curvature; and (ii) visually-extrapolated
contours from arcs of circles and parabolas are character-
ized by decaying curvature with increasing distance from
the point of occlusion.

2.1. A psychophysical study

In a recent psychophysical study [34], we sought to test
the generality of these findings by using a wider and more
flexible class of curves. The curves to be extrapolated were
arcs of Euler spirals, which are characterized by a linear
variation in curvature with arc length [23]. The use of these
curves allowed us to manipulate the rate of change of cur-
vature of the inducing contour independently from its cur-
vature at the point of occlusion. In particular, the curvature
of the contour could be either increasing or decreasing as it
approached the occluding edge.

Two values of “initial” curvature x (i.e., at the point of
occlusion) were crossed with 5 values of rate of change of
curvature v, thereby yielding 10 Euler-spiral contours. Two
of the  values were negative (curvature decreasing as the
contour approaches the point of occlusion), one zero (arc
of circle), and two positive (curvature increasing). Follow-
ing the procedure used in our previous study [33], for each
contour, observers made paired settings of angular position
f and orientation ¢ at each of 6 radial distances from the
point of occlusion. On each trial, the contour to be extrap-
olated was presented at a random orientation, and either as
concave up or concave down. Observers iteratively adjusted
the angular position and orientation of the line probe in or-
der to optimize the percept of smooth extrapolation.

4 observers performed adjustments in 8 experimental
sessions each, preceded by one practice session. Each ses-
sion consisted of 60 trials, with each trial requiring paired
settings of angular position and orientation. This yielded,
for each of the 10 contours used, 96 measurements per ob-
server: 2 angular settings (angular position, orientation) x 6
radial distances x 8 repetitions [34]. This procedure yielded

sufficient data per observer, so that the performance of var-
ious shape models could be compared in modeling each in-
dividual observer’s data. All measurements were standard-
ized with respect to the tangent direction of the inducing
contour at the point of occlusion, i.e., as if the curve had
been presented with its tangent horizontal at the point of
occlusion, and with curvature concave up.

Fig 3 shows the extrapolation measurements for one of
the observers, for 5 of the arcs of Euler spirals used (with
the higher value of initial curvature, x¢). At each radial dis-
tance, the mean setting of angular position is shown, with
curved error bars depicting 4 1 standard deviation in 6, and
the mean orientation is shown with error cones depicting
+ 1 standard deviation in ¢. The complete data set com-
prises 40 such plots: 4 observers x 10 Euler-spiral curves.

2.2. Shape modeling of extrapolation data

In order to model the shape of observers’ extrapolated
contours, we fitted an Euler-spiral model to the extrapola-
tion measurements corresponding to each inducing contour
(i.e., combined settings of angular position and orientation
at the six different distances from the point of occlusion). To
estimate the best-fitting Euler-spiral curve to an observer’s
extrapolation data, we computed the MLEs of the parameter
pair (kg, y)—i.e., the combination of “initial” curvature and
rate of change of curvature that maximizes the likelihood
function £((xo,7)|D), i.e., the probability p(D|(ko,y)) of
obtaining a given data set D using an Euler-spiral curve with
parameters kg and . This likelihood model assumes that
the observed settings of probe position and orientation re-
sult from the introduction of Gaussian noise to the ideal set-
tings of angular position and orientation derived from the
Euler-spiral generation process.'

IThe appropriate model of noise for angular measurements is, strictly
speaking, given by the von Mises distribution. However, given the small
standard deviations in our data, the von Mises is very closely approximated
by the Gaussian. (It converges to the Gaussian as o — 0 [20].)
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Let D = {0},¢.}|3 ,|%_, constitute an observer’s
extrapolation data set for a given Euler-spiral contour—
consisting of settings of angular position and orientation,
with eight repetitions (1 < 7 < 8) at each of the six radial
distances (1 < r < 6). Let 0.(ko,, ) and ¢¢(ko,,7) be
the expected values of angular position and orientation, re-
spectively, based on an Euler-spiral generation process with
“initial” curvature ¢ and rate of change of curvature -, and
obtained at the r*"* measurement distance from the point of
occlusion. The likelihood of a parameter pair (¢, ) under
the set of extrapolation measurements {0%, ¢ }[3_[S_
then given by:

KO» |{9ru¢r

ST (e %),
()

where BN ((x,y)’, Cov) is the bivariate normal distribution
with mean (0, 0)" and covariance matrix C'ov.

For each observer’s data set corresponding to a given
Euler-spiral contour, the parameters (ko,%) that maxi-
mize the likelihood function were computed using un-
constrained nonlinear optimization (Nelder-Mead simplex
method). Fig 4 shows the mapping from Euler-spiral pa-
rameters (Ko, ) of the inducing contour, to the best-fitting
parameters (4, %) of the observer’s extrapolation measure-
ments, depicted as a flow-field. The tails of the arrows cor-
respond to the parameters of the inducing Euler-spiral con-
tour, whereas the arrowheads correspond to the best-fitting
extrapolation parameters of the Euler-spiral model.

A salient feature of these fits to the extrapolation data
is that, in 39 of the 40 cases (4 observers x 10 Euler-spiral
contours), the best-fitting value for the rate of change of cur-
vature, 7, is negative (see Fig 4). In order to test whether
these estimates of extrapolation 4 were reliably different
from 0, the fits of the Euler-spiral model where compared
with those of a circular-arc model (i.e., degenerate case of
the Euler-spiral model with v = 0), using the likelihood-
ratio test for nested-model comparison. This test uses of the
fact that, under the null hypothesis that the less full model
is correct, the likelihood-ratio statistic,

A= 210g(%) )

is distributed as a 2 with degrees of freedom equal to the
difference in the number of parameters in the two models
(here, 1), where L. and L. are respectively the maximized
likelihood values under the two models. This test showed
that 31 of the 39 negative estimates of extrapolation 4 were
significantly different from 0 at the .05 level, whereas the
only positive estimate was not.
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Figure 4. The mapping from parameters (rko,) of the inducing
Euler-spiral contours, to the best-fitting parameters (<Ko, ) of an
Euler-spiral model to the extrapolation data. The tails of the ar-
rows depict the inducing-contour parameters, and the arrows de-
note the visual-extrapolation parameters.

Thus visually-extrapolated contours are consistently
characterized by monotonically-decreasing curvature, re-
gardless of whether the curvature of the inducing contour
is increasing or decreasing as it approaches the occluding
edge. These findings thus extend our previous results on
arcs of circles and parabolas [33], and indicate that cur-
vature decay is a general property of visually-extrapolated
contours—one that holds irrespectively of whether the in-
ducing contour has increasing or decreasing curvature.
They also suggest that the human visual system is unable
to take into account the rate of change of curvature in ex-
trapolating contour shape.

Fig 5 shows the dependence of estimated extrapolation
rate of change of curvature on inducer curvature (at the
point of occlusion), and inducer rate of change of curva-
ture. In order to test this dependence formally, for each
observer, the MLEs 4 of extrapolation curvature were re-
gressed on inducing Euler-spiral parameters, o and ~y. The
bilinear regression model revealed no statistically-reliable
dependence of extrapolation rate of change of curvature on
either inducer curvature or inducer rate of change of cur-
vature, for any of the four observers. Observers are thus in-
deed unable to visually extrapolate the rate of change of cur-
vature of a contour. When estimated extrapolation curvature
ko was regressed on inducing Euler-spiral, three of the four
observers exhibited a statistically significant dependence of
extrapolation kg on inducer , indicating a systematic use
of curvature in extrapolating contour shape.
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Figure 5. Dependence of extrapolation rate of curvature 4 on
Euler-spiral parameters xo and 7.

2.3. Truncated Taylor series extrapolation

In our previous study, we found that a parabolic-
arc model explained our extrapolation data better than a
circular-arc model, irrespective of whether the inducing
contours were arcs of circles or parabolas [33]. One inter-
pretation of this result is that the visual system generates the
extrapolated contour using an osculating parabola, based on
the estimated curvature at the point of occlusion. (The spe-
cial status of parabolas is also suggested by studies of in-
terpolation of contours discretely sampled at dots [ 18, 37].)
This essentially entails a strategy in which the visual system
generates an extrapolating contour using a truncated Taylor
series expansion based on the visible portion of the contour,
with terms only up to the quadratic.”

In order to examine this possibility, we compared the
fits of the Euler-spiral model to those of a parabolic model,
in explaining the extrapolation data. Because the parabolic
model is not nested within the Euler-spiral model, we used
the Bayes Information Criterion [21] to compare the fits
of the two models. The Bayes Information Criterion for
amodel is given by:

BIC = —2log(L) + klog(n) 3)

where L is the maximized likelihood value under the model,
k is the number of parameters in the model (1 for the
parabolic model, 2 for the Euler-spiral model), and n is
sample size (= 96, since each observer makes 48 settings
of 0, and 48 settings of ¢ for each contour). In the BIC ex-
pression, the first term captures the goodness of fit to the

2We thank Steve Zucker for suggesting this hypothesis.

data, whereas the second term constitutes a ‘prior’ penalty
for more complex models, i.e., with more parameters. (The
difference in the BIC values for two models asymptotically
approaches twice the logarithm of the Bayes factor; see
[21, 30]). The fits to the parabolic model were determined
using a likelihood function with the same functional form as
Eqn 1, but with the “expected” angular positions 6, (ko, )
and orientations ¢, (ko, ) based on a parabola with curva-
ture kg at its vertex (the point of occlusion).

The BIC analysis showed that the Euler-spiral model was
superior to the parabolic model in 31 of the 40 cases—
thereby indicating that a parabolic model (or, equivalently,
a Taylor series truncated beyond the quadratic term) does
not provide the best characterization of contour shape ex-
trapolated by human vision. In a majority of the cases, the
increase in the goodness-of-fit to the data was sufficiently
high to warrant the additional parameter in the Euler-spiral
model. A comparison of the log-spiral model to the Euler-
spiral model revealed the log-spiral model to be superior in
29 of the 40 cases. The superior fits of the log-spiral model
are consistent with our previous findings [33], and indicate
that a non-linear decay in curvature, asymptoting on zero,
better characterizes the shape of visually-extrapolated con-
tours than a linear decrease.

3. Bayesian interaction between minimizing
curvature and variation in curvature

The above analyses indicate that, although human vision
systematically takes into account the curvature of inducing
contours, it does not use their rate of change of curvature
in extrapolating their shape. Visually-extrapolated contours
are consistently characterized by decaying curvature, re-
gardless of whether the inducing contours have increasing
or decreasing curvature. Moreover, the extrapolation rate of
change of curvature exhibits no systematic dependence on
the inducer rate of change of curvature.

We expand here on a Bayesian model outlined in [33],
involving an interaction between the tendency to minimize
curvature and the tendency to continue estimated curvature.
The prior and the likelihood are both expressed as distri-
butions on extrapolation curvature k..¢. The prior captures
the default expectation of the visual system—in the absence
of any other information—that a contour will simply “go
straight” [8, 11, 14, 16, 39]; and is expressed as a Gaussian
distribution on extrapolation curvature, centered on 0:

P(Kext) ~ N(0,0p,) (C))

for some o,,.. This bias is clearly consistent with ap-
proaches that minimize total curvature along the length of
the contour [19, 27]; it is, however, expressed as a proba-
bility distribution on local curvature. The likelihood bias
captures the tendency toward co-circularity, namely, the
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tendency to “continue” the curvature of the inducing con-
tour estimated at the point of occlusion [8, 11, 16, 28, 29].
This constraint is expressed as a distribution on extrapola-
tion curvature, centered on the estimated inducer curvature
ki; but is in spirit consistent with approaches that mini-
mize variation in curvature along the length of the contour
[23]. (One point of difference, however, is that the like-
lihood function takes into account the curvature of the in-
ducing contour, whereas approaches that minimize varia-
tion in curvature typically do not. In particular, the total
curvature variation is obtained by integrating over the inter-
polated portion of the contour only—i.e., not including the
image contours. As a result, although the interpolated con-
tour itself is smooth, curvature discontinuities are generally
introduced at points where the interpolated contour meets
the image contours; see [35].)

A key component of the model is the assumption that
the continuation of inducer curvature is subject to systemat-
ically greater variability, with increasing distance from the
point of occlusion. Specifically, a Weber-like dependence
is assumed, such that the standard deviation increases lin-
early with distance d from the point of occlusion: oy (d) =
ol +md, where 0., is the standard deviation when the gap
size is zero (infinitesimally thin occluder). The likelihood
function is thus given by:

U Kext|Ri,d) ~ N(Fi, o +md). %)

The two constraints articulated above serve as probabilistic
biases, or cues, to visual extrapolation. Their combination,
via Bayes’ Theorem, is given by:

e(’£ewt|"%i7 d) . p(ﬁeaft)
Under the assumption that the prior and likelihood are
Gaussian distributions, there exist standard formulas for the

posterior [0]. In particular, the posterior is also a Gaussian
with mean and variance given by:

Hpr
o3
1 1
1 —+
/(0& Ufik(m,d)>

Interpreting these two biases or cues strictly as prior and
likelihood is in fact not necessary. Treating the two distri-
butions as probabilistic cues, or sources of information, the
theory of cue combination (or sensor fusion) gives essen-
tially the same expression for their combination. Specifi-
cally, the optimal combination of two stochastic “signals”
(in the statistical sense of a minimum-variance unbiased es-
timator) is given by a weighted average of their expected
values, with the weights being proportional to their respec-
tive reliabilities (i.e., reciprocals of their variances; see, e.g.,

p("fe;zt“%ia d) = (6)

Mk

Mpost (’%L s d)

0-12)0315 (’%1 ) d)

1 1
+ = -t =
Uﬁk(ﬁi,d)>/(0§r olzik(m,d)>

(O]

[7, 24]). Thus, consistent with the expression for the ex-
pected extrapolation curvature above:

"%emt (d) = Wpr * Kpr + Wik - Hiik (8)
where wy,, oc 1/02, and wyg o< 1/07,,..

Under the natural assumption that the continuation of
estimated inducer curvature is subject to very little noise
at the point of occlusion, we have of, < 0, and thus
w?ik > wpr. As aresult, fegt(0) & i = R, ie.,
the extrapolation curvature near the point of occlusion es-
sentially equals the estimated inducer curvature. With in-
creasing distance from the point of occlusion, the reliabil-
ity of the ‘likelihood’ constraint to continue inducer curva-
ture decreases systematically (because of an increase in its
variance), whereas the variance of the prior remains con-
stant. As a result, the curvature of the extrapolated con-
tour is biased more and more toward the ‘prior’ curvature
of zero; thus, extrapolation curvature decreases asymptoti-
cally to zero. The rate of curvature decay is modulated by
the slope term m:

2
Upr

Ugr + (U?lk) + md)2 .

©)

This probabilistic cue-combination model thus explains
the decaying-curvature behavior of visually-extrapolated
contours. Moreover, although the model makes systematic
use of the curvature of the inducing contour, it involves no
dependence on its rate of change of curvature. As our psy-
chophysical results with Euler spirals show, this property is
consistent with human visual extrapolation.

4. Implications for computational models of
contour interpolation

The above experimental results have a number of
implications for computational models of contour
interpolation—at least insofar as they are meant to be
consistent with biological vision. First and foremost is the
role played by contour curvature in shape interpolation.
Current models, whether they use geometric [22, 36],
variational [19, 23, 27] or stochastic [38, 39] approaches,
typically do not take into account the curvatures of the in-
ducing contours—only their tangent directions at the points
of occlusion. The results of our extrapolation studies show,
however, that the human visual system makes systematic
use of curvature in extrapolating contours. This indicates,
as argued by Zucker and colleagues (e.g., [2, 4, 28]), that
models of contour continuation must explicitly take into
account contour curvature.

Second, variational approaches to shape completion gen-
erally begin with a particular smoothness functional, such as
total curvature [19, 27] or variation in curvature [23], to be
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minimized.> The results of our visual-extrapolation stud-
ies indicate, however, that the human visual system may
not employ a fixed smoothness functional at all. Rather,
the functional itself may vary—in particular, the relative
weights assigned to various terms within the functional may
vary—depending on distance from the point of occlusion. It
is thus likely that the same is true of human contour interpo-
lation as well since, after all, an interpolating contour must
both (a) smoothly extrapolate the two inducing contours,
and (b) smoothly connect the two extrapolants (see, e.g.,
[10, 36]). Thus, in the context of interpolation, the biases
to continue the tangent directions and curvatures of the two
inducing contours may be weighted differently at different
locations—depending on the relative distances to the two
points of occlusion (in addition to a general prior tendency
to minimize curvature). The predictions of such a model
have yet to be compared against detailed interpolation data
from human observers, however.

Finally, the current results indicate that probabilis-
tic interpolation models—wherein shape constraints are
expressed as probability distributions over geometric
variables—are likely to provide a richer and more appro-
priate class of models for human visual interpolation than
those based on minimizing specific functionals. In particu-
lar, probabilistic models offer two main advantages. First,
human interpolation data are intrinsically noisy, and prob-
abilistic models allow the possibility of modeling not only
the shape, but also the variability of human interpolation
performance. Second, and more importantly, they allow for
systematic changes in the shape of interpolating contours,
by manipulating the variance of the relevant distributions.
These variances are affected not only by factors such as dis-
tance from the point(s) of occlusion, but also by increased
uncertainty in the stimulus itself. For instance, if an ex-
tremely short curved segment is presented, the curvature
estimate is likely to be substantially less reliable. The ef-
fect that this increased variability has on predicted interpo-
lation shape (via probabilistic cue-combination) can then be
compared with its effect on contours interpolated by human
vision.

This latter point is especially relevant in light of re-
cent behavioral work that has demonstrated the influence
of factors beyond local contour geometry (i.e., relative po-
sitions and orientations of inducing edges) on the shape of
visually-interpolated contours. First, systematic shape dif-
ferences have been shown to exist between corresponding
partly-occluded (i.e., amodal) and illusory (i.e., modal) con-
tours [ 1, 32]. Partly-occluded contours are perceived as be-
ing more angular than corresponding illusory contours (i.e.,
closer to the intersection of the two linear extrapolants)—
a result that is consistent with the amodal completion have

31n some cases, a weighted mixture of the two is also used (e.g., [20]);
however, it is nevertheless a fixed functional.

greater extrapolation strength than modal completion [32].
Second, in the context of stereoscopic illusory contours, the
geometry of the surface they belong to has been shown to
influence perceived illusory-contour shape. Illusory con-
tours bounding locally convex surfaces are perceived to be
smoother than those bounding locally concave surfaces [ 1 5]
(see also [9] in the context of amodal completion); more-
over, the influence of sign of curvature is modulated by the
cross-axial width of the shape and its medial-axis geome-
try [15]. Probabilistic models permit sufficient flexibility to
model such shape differences via the manipulation of the
spread and/or central tendency of the relevant distributions,
whereas it is more difficult to see how such influences could
be accommodated within variational approaches.

5. Conclusions

Our psychophysical experiments point to two basic
findings on human visual extrapolation. First, visually-
extrapolated contours are characterized by decaying curva-
ture, irrespective of whether the contour to be extrapolated
has increasing or decreasing curvature. Second, although
the visual system makes systematic use of contour curva-
ture in deriving the shape of extrapolated contours, it does
not use rate of change of curvature. Both results are cap-
tured by a cue-combination model in which the tendency
to minimize curvature and tendency to minimize variation
in curvature are modeled as probability distributions on ex-
trapolation curvature. In this model, the decaying-curvature
behavior results from the systematic decrease in the reliabil-
ity of the co-circularity (or “continue estimated curvature”)
cue with increasing distance from the point of occlusion.
The model involves no dependence on a contour’s rate of
change of curvature.

These results have a number of implications for compu-
tational models of human contour interpolation: (i) inter-
polation models must utilize the curvature of inducing con-
tours; (ii) the assumption of a fixed smoothness functional
to be minimized does not appear to be valid for human vi-
sion; and (iii) probabilistic interpolation models provide a
richer and more flexible class for modeling both the shape
and the variability seen in human interpolation data. They
may be especially useful in modeling the influences of fac-
tors beyond local contour geometry, such modal vs. amodal
completion, and the role of the surface geometry.
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